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Comment on EMPIRICAL TESTS OF TWO STATE-VARIABLE
HEATH-JARROW-MORTON MODELS, by Ehud I. Ronn

The paper by Robert R. Bliss and Peter H. Ritchken, “Empirical Tests of Two State-
Variable Heath-Jarrow-Morton Models,” makes a contribution to the growing litera-
ture on the contingent claim approach to the analysis of interest rate models. My
discussion of the paper will consist of the following sections: Contribution and Mo-
tivation, Econometrics and Empirical Analysis, and Summary.

Contribution and Motivation

Since the pioneering interest rate analyses by Cox, Ingersoll, and Ross (CIR,
1985), financial economists have significantly added to our understanding of the in-
tertemporal movements of interest rates and their implications for pricing interest
rate contingent claims. CIR wrote the first of several papers to present one-factor
models of the term structure of interest rates, the successor papers consisting among
others of Vasicek (1977), Dothan (1978), Courtadon (1982), and Brennan and
Schwartz (1979). These papers posited one source of random shock—the instan-
taneous short-term rate of interest, r—with the movements of longer-maturity in-
struments all being driven (and perfectly correlated with) this rate.!

On the theoretical side, there have been two critical further developments. Ho and
Lee (1986) derived a stochastic interest rate model which exactly matched the ob-
servable term structure of interest rates. Black, Derman, and Toy (1990), Black and
Karasinski (1991), and Hull and White (1990) extended the Ho-Lee model to match
a term structure of volatility curve (or, equivalently, cap prices) in addition to the
term structure. The second innovation consisted of a second source of random
shocks: Brennan and Schwartz (1982), Longstaff and Schwartz (1992), and Fong
and Vasicek (1991) considered such two-factor models.

Finally, the models of Heath, Jarrow, and Morton (1990a, 1990b, 1992) derived
one- and multifactor models for movements of the forward rates of interest, while
precisely matching today’s observable term structure of forward (and, therefore,

1. Given the appropriately derived risk-neutral dynamics for r, zero-coupon bonds of finite matu-
rities, which constitute the building blocks for complex bond instruments, have prices given by
P, = E(exp{ — [}r.ds}), where E represents the risk-neutral expectations operator.
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spot) rates. While their generality and insight is invaluable, empirical implementa-
tion is frequently rendered difficult if not intractable.

In this context, Ritchken and Sankarasubramanian (1995) provided necessary and
sufficient conditions on the HIM models so that under a single source of noise, two
state variables—the ex post forward premium yi(z) = f(s, t) — r(z), and the “inte-
grated variance” factor &(7) = [ ;Uf(s, t)ds—constitute sufficient statistics for the
construction of the entire term structure at any future point in time. In the current
paper, the authors derive the relationship between changes in the instantaneous short
rate r and those of observable finite maturity yields y{z, ¢t + T} = (I/T) [i*7
f(s, x)dx, then cleverly invert from their theoretical but unobservable &(z) and U(z)
to (two) observable finite maturity yields. The current paper thus provides a test of
the empirical validity and economic relevance of the one-factor, two-state-variable
RS model.

Bliss and Ritchken motivate their paper by highlighting the importance of such
empirical analyses to the hedging of instruments with “option-like characteristics
that make their values sensitive . . . to the volatility of changes in interest rates.”
My own perspective on banks’ hedging of volatility-dependent OTC securities is
slightly different: I believe such instruments should be hedged with exchange-traded
instruments that provide protection against unanticipated changes in volatility. Since
we can never be entirely sure of the correct interest rate model, a hedge policy that
combines traditional delta hedging with vega hedging can be shown to be relatively
resistant to model misspecification.?

I conclude that an appropriate motivation for the current paper more properly re-
sides in our desire to understand the intertemporal movements of interest rates. Spe-
cifically, Bliss and Ritchken provide an empirical test of the validity of the one-
factor, two state-variable model, providing test statistics that compute the explained
sum of squares of such a model. As a consequence, we gain an improved under-
standing of the intertemporal movements in interest rates.

Econometrics and Empirical Analysis

The authors perform an empirical contrast of the one-factor, one state-variable
generalized Vasicek (GV) model with their one-factor, two-state-variable RS mod-
el. Given an arbitrary spot interest rate volatility process, the GV model assumes an
exponentially dampened volatility structure for forward rates and contains three pa-
rameters to be estimated from the data. In contrast, the RS model permits two state
variables, but gives rise to only two statistical parameters to be estimated.

Consequently, the models are not nested. The larger number of variables in GV
presumably biases the empirical results against the authors’ model. Nevertheless, it
would be more intuitively appealing, if possible, to find a nested test of the authors’
hypothesis. :

2. For a discussion of vega-hedging as an antidote to model misspecification, see Ronn and Xuan
(1996) and the antecedent papers of Hull and White (1987), Dengler and Jarrow (1994) and Melino and
Turnbull (1995).
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That said, the authors should be commended for the careful econometric analysis
they perform. Beginning with the intuitive assumption of a postulated measurement
error in annualized yields, y,[t, t + T] = y}’[t, t + T] + €[t, t + T], they proceed to
derive the econometric properties of the GV and RS estimators. They conclude that
“models developed under the normalized forward rate volatility restriction provide a
significant improvement over the GV model.”

With respect to these econometrics, recall that the authors invert from the unob-
servable ¢&(¢) and Wi(7) to the observable finite maturity yields y using two selected
maturities 7, and 7,:

B(I)

it ¢+ 50w = Bl i) o= —=—dlt) ;

Ayle, 4 maley = B — o)
Note that the equation

Ante, 1+ 7 = Bown — B2 o)

should hold for all 7. Thus, it is natural to inquire what empirical results would be
obtained from the simultaneous estimation, for all N available maturities, of the
“stacked” form

Byl ¥ e Blaihin o B2 EULYOR
Bl s ot = Blaae o B o1 ;
B ( ™)

Ay [t t + 1ylTy = Blay)lb() — —— &) .

Herewith my comments pertaining to the paper’s empirical analysis:

1. The authors assume that the spot rate r(7) is unobservable. Although other au-
thors (for example, Duffee 1995) also share this concern, I find it intuitively implau-
sible that the term structure is sharply sloped between O and 3 months. Thus, it
would be of interest to see whether the results are changed if one assumed r equals
the three-month Treasury bill rate. Such an assumption would obviate the need to
estimate the one-month interest rate alluded to in their footnote 10.

2. In a replication of the Litterman-Sheinkman (1988) interest rate factor analy-
sis, Ronn (1995) finds that using principal factor analysis over the data period
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1991-1995, the first factor explains 80.4 percent, with the second factor explaining
12.4 percent, of the variation in interest rates. Since all one-factor models possess
the property that local changes in all term structure interest rates are perfectly corre-
lated, it would be of interest to compare the RS one-factor two state-variable model
with a rwo-factor, two state-variable model.

3. The authors note that the point estimates of the assumed constant parameters k
and m display cross-sectional and intertemporal instability. Under the assumption of
intertemporal uncorrelatedness of the annual estimators k and 7, it fortunately ap-
pears that many of these estimates are not statistically different.

4. The authors empirically contrast their term structure of volatility curve with
that obtained by Amin and Morton (1994). This comparison should be tempered by
the recognition that Amin and Morton deal with option contracts—implied term
structures, not those derived from the statistical analysis of interest rate time series.
The two need not be identical. Under a two-factor model, where the second factor
represents stochastic changes in interest rate volatility, a general equilibrium per-
spective incorporating risk aversion with respect to future realized volatility may
well render implied volatility a biased predictor of future realized volatility, just as
the liquidity preference hypothesis implies that forward rates are biased predictors
of future spot rates.

Summary

Rob Bliss and Peter Ritchken have delivered an elegant, well-executed empirical
test of the Ritchken-Sankarasubramanian one-factor, two state-variable interest rate
model. The work contributes to our understanding of the explanatory power of one-
factor models for the intertemporal movements of interest rates.
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